Determining the Phases of the Moon

The earth orbits the sun in approximately 365.25 days. The moon orbits the earth in approximately 27.3
days. The diagram below shows why we see different phases of the moon depending on the size of angle &
which changes according to the relative positions of the sun, earth and moon. (Images of the moon taken
from http://www.nasa.org).

Light from the sun
illuminates one side
of the moon

The view as seen from earth

The moon reflects
this light towards

the earth
. Although the orbits of both the moon and the
earth are slightly elliptical, throughout this
X investigation you may assume that they are
\A‘ both circular.
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| Task 1

I Determine expressions for the values of x and y in terms of @ and the radius of the moon r. Hence,
: determine an expression for the ratio x : y in the simplest terms.

The following diagram represents the view of the sun, earth and moon from above after n days. Initially
(whenn =0) both & and g are equal to zero, resulting in a full moon. All orbits are anti-clockwise. The

diagram is not to scale.

Moon ‘ You may assume that the distance between the sun
) and earth is 1.495 x 10® km and the distance
! between earth and the moon is 3.844 x10° km.
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| By modifying the diagram on the left, label angle |
P |0 along with the two distances from dbove. _ _ |



I Determine the ratio x:y for n=0,1,2,3,... Use a spreadsheet to help you organize your calculations.

|

I Hint: Since the ratio x : y depends on the value of & you will have to find this angle. This can be done using
| the cosine rule, but the cosine rule uses the lengths of all three sides of the triangle...

|

I e Test the accuracy of your model for a date which is far into the future. For example, compare your
I model to published lunar calendars. Is your model accurate? Explain.

' e Use your model to determine the amount of time between identical phases of the moon. Why is this
: time not equal to 27.3 days?

Create a report of your word. Be sure to include:

e an explanation of why we see different phases of the moon

e the derivation of how you calculated the phase for any value of n
e your solutions to task 4

e some moon phases based on data from your model

Tip: You can create diagrams showing phases of the moon in any simple graphics application, or using the
drawing tools in Word. For example, the diagram on the left is created using three shapes:




IMPORTANT POINT

Once the moon has passed beyond a certain point, the position of x and y swap. In the first diagram x
appears on the left side of the moon.

The view from earth

After a little more time, x appears on the right side of the moon.

The view from earth

This first happens on day 15 i.e. when the value of § — « first exceeds z radians. The positions of x and y will
then swap back to their original positions when the value of 5 — « first exceeds 2 radians. This is repeated
as the earth and moon continue their orbits.



Teacher Notes

Task 1

If the radius of the moon is r then
X=r+rcoséd
and

y=r—rcosé

So we have

X:y=1+cosé:1-cosé

Task 2
Moon/‘

o)
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Task 3

Let the distance from the sun to the moon be equal to d. We can use trigonometry to determine the
coordinates of earth and the moon. We can then use the Pythagorean Theorem to determine the distance
from the sun to the moon. We can then use the cosine rule to determine angle @, allowing us to calculate the
ratio x : y. The first few rows of the spreadsheet are below. Note that when using trigonometric functions in

Excel we must use radians. Hence, all angles are in radians.
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Task 4

Since the earth is rotating around the sun after 27.3 days the sun, earth and moon will not be in the same
positions relative to each other as they were 27.3 days previously. This is demonstrated in the following
diagrams (not to scale).

_--="" Earth Moon

‘ """"""""""" ‘ """ ‘ ‘ 27.3 days later

Sun Earth Moon Sun

It will take a few more days for the sun, earth and moon to be in the same relative positions. The time taken
for one orbit, 27.3 days, is called a sidereal month. The time taken between identical phases, approximately
29.5 days, is called a lunar month.

Geogebra

Geogebra has spreadsheet functionality which can be linked to the graphics view. This means we can easily
create a diagram of any phase quite easily. See the provided Geogebra file for an example.



Relative References

Type the following values into cells Al to C4:

Excel Tutorial

Type the following equation into cell D1.:
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Press Enter and the value displayed in cell D1 should be equal to 6.

Copy and paste cell D1 to cell D2:
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Notice that the equation in cell D2 becomes A2+3.

This is because we pasted one row below cell D1,
so the reference Al becomes A2 (the row number

Copy and paste cell D1 into cell F4:
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Notice that the equation in cell F4 becomes

This is because we pasted two columns to
the right and three rows below cell D1, so
the reference Al becomes C4 (the column
letter increases by two and the row number

These are examples of relative references.




The following screenshot shows the contents of various cells (Note that you will not see the equations on
your screen after you press Enter).
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For example, if we copy and paste cell D1 to cell E2, cell E2 will contain the equation 2*B2 and will display
the value of 10.

Copied From Pasted To Displayed Equation Displayed Value
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Absolute References

Type the following values in cells Al to C4:
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Copy and paste cell D1 to E3:

& d 9~ |~
Home Insert Page Layout Formulas Data Review Wi

Insert | AutoSum Recently Financial Logical Text Date & Lookup & Math &
Function ] Used < Time - Reference - Fun

Functio pTarT =\

1 3 8 9 3
2 2 6 4 3
| 3 | 1 7 2 3 5]
4 5 3 8 B i)
5

Copy and paste cell D2 to E4:
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Type the following equations into cells D1 to
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Notice that even though we pasted to a new
column and row, the cell reference doesn’t
change.

Placing a $ sign in front of the column letter
means the column letter will never change.

Placing a $ sign in front of the row number means
the row number will never change.
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Since there is a $ sign in front of the column
letter, the column letter will never change.

Cell E4 is two rows below cell D2, so the row
number increases by two.

Copy and paste cell D3 into cell F4:
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Since there is a $ sign in front of the row number,
the row number will never change.

Cell F4 is two columns to the right of cell D3, so
the column letter increases by two.
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Enter one equation into cell B2, so that when it is copied and pasted into all of the other cells it correctly fills

in the multiplication table:
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Mathematical Functions

Excel contains many mathematical functions. For example:

sin(), cos(), tan(), asin(), acos(), atan(), sqrt(), power(), int(), randbetween(), sum(), average(),countif()

As you type the function into Excel, you will often be given a description of the function and what kind of

values it accepts:

=powe

3 rower

| Returns the result of a number raised to a power

|=pcwer{ |

| POWER(number, power)

Examples

e Typing =power(3,4) will display the value of 81
e Type =sqrt(9) will display the value of 3

e Typing =sum(A1:A6) will calculate the sum of the contents of cells Al to A6

Use Excel to determine the following:

the square root of 20

1
1

I

I

1

1

I
v
1

1

I

| d) the inverse sine of 1
1

1

b) the mean value of 20, 18, 23, 11, 25 and 19
c) arandomly generated number between 5 and 13

e) the sum of all positive integers less than 10



