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Introduction

In the 18th century, Georges-Louis Leclerc, Comte de Buffon, investigated the
probability of dropping a needle onto equally spaced strips so that the needle crossed
the boundary between two strips.

Consider figure 1. The red needle has crossed the boundary between two strips while
the blue one hasn’t.

When the length of the needle is equal to the spacing between the strips Leclerc was

able to show that the probability that a needle would cross a boundary is equal to 2.

Georges-Louis Leclerc,
Comte de Buffon

/

Figure 1

This document contains four investigations based on Buffon’s Needle. Each investigation is designed as a
stand-alone document that can be given to students (hence a lot of the information is repeated, and figure
labels are reset in each section).

The first investigation asks students to perform an experiment and use simple probability to estimate the
value of 7.

The second investigation asks students to design, create and perform a virtual experiment using Excel and
use the results to estimate the value of .

The third investigation asks students to set up a model in Geogebra, and then use this model to approximate
the value of .

The fourth investigation asks students to use the definite integral to show that the probability that a needle
will cross a boundary is equal to 2.

Teacher notes for each investigation are included, along with Excel and Geogebra tutorials, and a worksheet
that derives the limit form of the definite integral.



Estimating the Value of P1 Using Experimental Probability

In the 18th century, Georges-Louis Leclerc, Comte de Buffon, investigated the
probability of dropping a needle onto equally spaced strips so that the needle crossed
the boundary between two strips.

Consider figure 1. The red needle has crossed the boundary between two strips while

the blue one hasn’t.

When the length of the needle is equal to the spacing between the strips Leclerc was

able to show that the probability that a needle would cross a boundary is equal to 2.

Figure 1

Georges-Louis Leclerc,
Comte de Buffon

1. Get a small cocktail stick and a large sheet of paper. Using a ruler and pencil, divide the paper into
equally spaced strips. The width of each strip should be equal to the length of the stick.

2. Drop the “needle” from a height of 1 metre onto the paper. Record whether or not it crosses the
boundary between two strips. Repeat this 200 times. Copy and complete the following table as you
go. The first two rows have been filled in as an example. Your results may be different.

Number of Needles
Dropped

Crossed Boundary
Total

Experimental Probability of Crossing
Boundary

20

13

13 —-065
20

40

25

25— 0.625
40

60

80

100

120

140

160

180

200




3. Answer the following questions:

a) Did your needle always land on the sheet of paper? What did you do if it didn’t?

b) Remember that Leclerc was able to show the probability that a needle crossed a boundary was
equal to 2. Use this fact to estimate the value of 7 at each stage of your experiment (after
dropping 20 needles, after dropping 40 needles etc.) Show your working out.

c) Compare your estimated values of 7 with the actual value of  to 2 decimal places. Are you
results accurate? Do you notice any patterns?

d) Collect everyone in the class’s crossed boundary total from their last row. Use these results to
estimate the value of m. Is it more accurate than your results in part c¢)? If you would like to
include even more results you may use figures 2 to 5. Each figure shows the results of the
experiment performed 200 times.
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Creating a Virtual Experiment to Estimate the Value of Pi

In the 18th century, Georges-Louis Leclerc, Comte de Buffon, investigated the
probability of dropping a needle onto equally spaced strips so that the needle crossed
the boundary between two strips.

Consider figure 1. The red needle has crossed the boundary between two strips while
the blue one hasn’t.

When the length of the needle is equal to the spacing between the strips Leclerc was

able to show that the probability that a needle would cross a boundary is equal to 2.

Georges-Louis Leclerc,
Comte de Buffon

Figure 1
Figure 2 shows the results of the experiment performed 1000 times.

Use Excel to simulate the experiment thousands of times. Your spreadsheet can be entirely numerical, or a
combination of numerical and visual (as in figure 2). Use your results to estimate the value of .




Approximating Pi Using Geogebra

In the 18th century, Georges-Louis Leclerc, Comte de Buffon, investigated the
probability of dropping a needle onto equally spaced strips so that the needle crossed
the boundary between two strips.

Consider figure 1. The red needle has crossed the boundary between two strips while
the blue one hasn’t.

When the length of the needle is equal to the spacing between the strips Leclerc was

able to show that the probability that a needle would cross a boundary is equal to 2. o

Georges-Louis Leclerc,
Comte de Buffon
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Figure 1

The y-coordinate does not affect whether a needle crosses the boundary, so we can limit the needle to
landing on a horizontal line. Let us start by limiting the number of points where the needle can land. Figure
2 uses nine equally spaced points. The shaded area shows where the needle will have to lay in order to cross
a boundary if it lands on the third point.

The probability that the needle will land on this point and lay within the shaded area will be equal to

1 ZAPB + 2DPC
9% 360

If we perform this calculation for each point we can estimate the
probability of the needle crossing a boundary. The more points
on which we allow the needle to land, the better our estimation
will be.

Using Geogebra:

* construct a diagram like figure 2. As point P moves
horizontally the shaded area should adjust automatically
to show where the needle must land in order to cross a
boundary.

* animate point P so it automatically moves from the left of
the horizontal line to the right. During each frame of the
animation Geogebra should automatically record angles
£APB and £DPC to the spreadsheet. Use these recorded
values to estimate the value of

Figure 2



Buffon’s Needle and the Definite Integral

In the 18th century, Georges-Louis Leclerc, Comte de Buffon, investigated the
probability of dropping a needle onto equally spaced strips so that the needle crossed
the boundary between two strips.

Consider figure 1. The red needle has crossed the boundary between two strips while
the blue one hasn’t.

/

Georges-Louis Leclerc,
Comte de Buffon

Figure 1

The y-coordinate does not affect whether a needle crosses the boundary, so we can limit the needle to
landing on a horizontal line. Let us start by limiting the number of points where the needle can land. Figure
2 uses nine equally spaced points. The shaded area shows where the needle will have to lay in order to cross
a boundary if it lands on the third point.

The probability that the needle will land on this point and lay within the shaded area will be equal to

1 ZAPB + 2DPC
9% 360

If we perform this calculation for each point we can estimate the
probability of the needle crossing a boundary. The more points
on which we allow the needle to land, the better our estimation
will be.

Use this method to calculate the exact value that a needle will
cross a boundary. Recall the limit definition of the definite
integral. You will need to use this:

fbf(x)dx = Tlli_)rgoif(x) - Ax

Figure 2



Appendix A: Excel Tutorial

Relative References

Type the following values into cells Al to C4:

Type the following equation into cell D1:

X d 9 -

Home Insert Page Layout Forl
3 & Cut Calibri -1
53 Copy ~
Paste U -~ i
= # Format Painter = =
Clipboard Font
N23 v Fx
A B C D
1 3 5 2
2 1 8 6
3 2 3 9
- 5 6 1

Home Insert Page Layout Formulas
= $ Cut N PP }
53 Copy ~
Paste B 7 U =
Clipboard Font
SUM v X « fx| =A1+3
A B C D
1 3 5 2|=A1+3 |
2 1 8 6
3 2 3 9
- 5 6 1
C

Press Enter and the value displayed in cell D1 should be equal to 6.

Copy and paste cell D1 to cell D2:

@. H 9 - o
Home

& Cut

Formulas

Insert  Page Layout Data

L7

Calibri
Ea copy -~

Paste )

.  Format Painter

Clipboard
D2
A

Notice that the equation in cell D2 becomes A2+3.

This is because we pasted one row below cell D1,
so the reference A1 becomes A2 (the row number
increases by one).

ﬂwa‘b—'
v N =W
A W o v

Copy and paste cell D1 into cell F4:

(& 9-o |-
Home Insert Page Layout Formulas Data Review View Develop|

& Cut

[

Calibri
Ea Copy -

Paste
s # Format Painter

Clipboard

F4

A

U NP W
A W o un

@ () v

G'\U'IA‘WND—I

Notice that the equation in cell F4 becomes
C4+3.

This is because we pasted two columns to
the right and three rows below cell D1, so
the reference Al becomes C4 (the column
letter increases by two and the row number
increases by three).

These are examples of relative references.




The following screenshot shows the contents of various cells (Note that you will not see the equations on

your screen after you press Enter).

FEEEGRE
Home Insert

Page Layout Formulas Data f

F T B 88 @ 9]
Insert | AutoSum Recently Financial Logical Text Date & Lookup &
Function > Used ~ > > Time ~ Reference -
Function Library
G20 v b
A B C D
1 12 8 4 =2*A1
2 2 5 7 =B3-A4
3 |3 9 8
- 11 6
5

Complete the following table without using Excel. Then, check your answers using Excel.

For example, if we copy and paste cell D1 to cell E2, cell E2 will contain the equation 2*B2 and will display

the value of 10.
Copied From Pasted To Displayed Equation Displayed Value
D1 E2 2*B2 10
D1 D4
D1 E3
D2 El
D2 F2
D2 E3

10



Absolute References

Type the following values in cells A1l to C4:

D3:
[E‘ H 9~ | =
Home Insert Page Layout
=L Calibri i
53 Copy ~
Paste B 7 U -~ i
. # Format Painter = =
Clipboard “ Font
J11 v b
A B C
1 3 8 9
2 2 6 4
3 1 7 2
4 5 3 8

Copy and paste cell D1 to E3:

CIEEEGHE
Home Insert Page Layout Formulas Data Review Vig

Type the following equations into cells D1 to

@I Hd 9~ | =
Home Insert Page Layout Formulas Datg

| & cu Calibri S - AW

53 Copy ~
Paste B /7 U -~ - & A
S # Format Painter = - —

Clipboard _ Font
J18 v Je
A B C D

13 8 9 =5AS1
2 2 6 4 =SA1
3 1 7 2 =AS1
4 5 3 8
5

F T R 86 B @ I
Insert | AutoSum Recently Financial Logical Text Date & Lookup & Math &
Function @ Used ~ © © © Time - Reference - Tji Fundg
FunctiopsfTary N\
E3 = e
A B c No_“ e | F
1 3 8 9 3
2 2 6 4 3
| 3 | 1 7 2 3 3]
4 5 3 8 @ (Ctr) v
5

Copy and paste cell D2 to E4:

Notice that even though we pasted to a new
column and row, the cell reference doesn’t
change.

Placing a $ sign in front of the column letter
means the column letter will never change.

Placing a $ sign in front of the row number means
the row number will never change.

CEEEGHE
Home Insert Page Layout Formulas Data Review View

T B B0 B @ @

Insert ' AutoSum Recently Financial Logical Text Date & Lookup & Math &
Function = Used ~ < < v Time ~ Reference ~ Functiof

Funct Drary

Since there is a § sign in front of the column
letter, the column letter will never change.

Cell E4 is two rows below cell D2, so the row
number increases by two.

1 3 8 9 3
2 2 6 4 3
i 1 7 2 3 3
| 4 | 5 3 8 I 1!
5 ® (Ctrl) »
6

Copy and paste cell D3 into cell F4:

HIERAR
Home Insert Page Layout Formulas Data Review View Developer

kA T B ESAE @ 0 @ S

Insert  AutoSum Recently Financial Logical Text Date & Lookup & Math&  More
Function © Used ~ = Time ~ Reference » Trig » Functions ~

Name

1 3 8 9
2 2 6 4 3
ER 1 7 2 3 3
4 5 3 8 1| 9!
5 @ (Ctr) v
6

Since there is a $ sign in front of the row number,
the row number will never change.

Cell F4 is two columns to the right of cell D3, so
the column letter increases by two.

11



These are examples of absolute references.

in the multiplication table:

\Ev ™ I IR |=
Home Insert Page Layout Formulas Data Revi
& Cut calibri S A ==
53 Copy ~ )
J Format Painter LASeAN 2 - ==
Clipboard Font
117 - I
A B C D E
1 Multiply 1 2 3 4
2 1
2} 2
4 3
5 4

]| :
Home Insert Page Layout Formulas Data Rev
& cut Calibri i oA = =
Ea Copy -
B 7 U~ | A E =
Clipboard Font
J14 v X v f
A B = D E
1 Multiply 1 2 3 4
2 1 1 2 3 4
3 2 2 4 6 8
4 3 3 6 9 12
5 4 4 8 12 16

= = = = e e e o o e = ===

Mathematical Functions

Excel contains many mathematical functions. For example:

sin(), cos(), tan(), asin(), acos(), atan(), sqrt(), power(), int(), randbetween(), sum(), average(),countif()

As you type the function into Excel, you will often be given a description of the function and what kind of

values it accepts:

=powe

;j;. POWER [ Returns the result of a number raised to a power

|=power( |

‘ POWER(number, power)

Examples

* Typing =power(3,4) will display the value of 81
e Type =sqrt(9) will display the value of 3

* Typing =sum(A1:A6) will calculate the sum of the contents of cells Al to A6

Use Excel to determine the following:

b) the mean value of 20, 18, 23, 11, 25 and 19
c) arandomly generated number between 5 and 13

d) the inverse sine of 1

e) the sum of all positive integers less than 10

1
1

1

1

1

1

: a) the square root of 20
1

1

1

1

1

1

Enter one equation into cell B2, so that when it is copied and pasted into all of the other cells it correctly fills



Conditional Logic

Excel contains an IF statement that works according to the following:

=IF(condition, value to display if true, value to display if false)

For example, in cell Al type =IF(A2<A3,”Cell A2 is less than cell A3”,”Cell A2 is not less than cell A3”).

Change the contents of cells A2 and A3 and notice what happens to cell A1, depending on the values of cells

A2 and A3.
X" 9> AEEECEE
Home Insert Page Layout Fq Home Insert Page Layout F
=l & Calibri .11 =l & Calibri .11
53 Copy ~ 53 Copy ~
Paste B 7 U -~ = Paste ) B /7 U -~
v j Format Painter - v J Format Painter -
Clipboard u Font Clipboard Font
123 v I E15 e
A B A B
1 Cell A2is less than cell A3 1 Cell A2 is not less than cell A3
2 1 2 5
3 3 3 4
4 4
Task 4

Without using Excel complete the table based on the screenshot. Then, use Excel to check your answers.

]| =
Home Insert Page Layout Formulas
@ Cut Calibri 11 - A
53 copy -
B I U A
Clipboard 4 Font
N25 MR
A B C D
1 12 1 5 12
2 1 11 1 10
3 7 16 14
4 2 7 13 8
D, 19 20 5 3

Conditional Statement

Displayed Value

=IF(B1=C1,A4,A3)

7

=IF(C2<B4,”Yes”,”No”)

=IF(A4=2,"Two”,”Not two”)

=IF(D5*C3>C5+1,B3,2*D1)

—IF(SUM(A1:A5)<100,SQRT(4),SQRT(9))

—IF(AVERAGE(A4:D4)>AVERAGE(B3:D4),0,1)




Creating Graphs

Enter this following into a new worksheet:

FIEEECHE
Home Insert Page Layout Formulas Data Review View
D BEe B @ @
Insert = AutoSum Recently Financial Logical Text Date & Lookup & Math &  More
Function Y Used ~ © © v Time ~ Reference » Trig ~ Functions
Function Library

H18 M Fe

A B (& D
1 x y gradient 1
2 -10 =ES1*A2+ES2 y-intercept 1
3 =A2+1
4
[

Copy cell A3 and paste into cells A4 to A22. Copy cell B2 and paste in cells B3 to B22.

Home Insert  Pagelayout = Formulas = Data  Review Insert  Pagelayout | Formulas | Data  Review
F I B EMAE R @ F T BEBRE A
Insert  AutoSum Recently Financial Logical Text Date & Lookup & Math &| Insert = AutoSum Recently Financial Logical Text Date & Lookup & Math &
Function Used ~ E Time ~ Reference ~ Trig v Function - Used ~ - - M Time - Reference ~ Trig ~ Fy
Function L Function Library
A3 v Fe =A2+1 B2 v Fe | =ES1*A2+ES2
A B c D E A [ B c D E F
1 x y gradient 1 | 1 x y gradient 1
2 -10 -9 y-intercept 1 | 2 | -10] -9 y-intercept 1
3 -9 | 3| -9 -8
4 -8 4 -8 -7
5 -7 |5 | -7 -6
6 -6 |6 | -6 5
7 -5 17 -5 -4
| 8 | -4 8 -4 -3
| 9 | 3 | 9| -3 -2
10 -2 | 10| -2 -1
11 - |11 | -1 0
12 0 |12 | 0 1
13 1 13 1 2
14 2 14 2 3
15 3 |15 | 3 4
16 4 16 4 5
| 17] 3 |17 | 5 6
| 18 | 6 |18 | 6 7
19 7 19| 7 8
20 8 | 20 | 8 9|
21 9 |21 9 10
2| 101 22 10 11
23 =+ |23 =
24 24

HIEEARNE
Home

Insert

4a copy -
J Format Painter

clipboard

Calibri

Pagelayost  Formulas  Data

7 u-

View

Developer

S Wrap Text

2 Merge &

Center ~  §

General

. %

Number

Book5

B

Condition:
Formatting

131

gradient
y-intercept

——Seriesl

14




Now, change the values of cells E1 and E2. This will change the gradient and the y-intercept of the graph.
However, you may notice that Excel rescales the axes to suit the graph. Sometimes we do not want this to
happen.

Right-click on the y-axis and select Format Axis. Set the minimum and maximum value of y to -10 and 10
respectively. Right click on the x-axis and also set the minimum and maximum value of x to -10 and 10
respectively. Now, when you change the value of the gradient and y-intercept you can easily see the affect it
has on the graph.

Home | Insert  Pagelayout Formulas Data  Review View  Developer | Design layout  Format ‘
2 4 o #ois Options Axis Options
Calibri Body) - 10 - A A = = > - )
@2 copy ~ on ey A = Number Minimum: € Auto @ Fixed [-10.0
Paste > h.A. E X N EE E $ ,
3¢ Formatpainter B 7 U -4 BEEF | F ' Fill Maximum: € agto @ Fixed [10
Clipboard 5 Font . Alignment Numbe .
o - Line Color Major unit: @ Auto € Fixed [5.0
art fe Minor unit: @ Autg C Fixed [1.0
A [} c D E F G H I J K Line Style
. [~ values in reverse order
1 x y gradient 1 Shadow
2 -10 -9 y-intercept 1 I™ Logarithmic scale 10
Glow and Soft Edges
3 9 -8 i Display units: |None v
4 -8 7 3-D Format Il
5 -7 -6
6 -6 -5 15 Alignment Major tick mark type: |Outside v
7 5 -4 Minor tick mark type: [None v
8 -4 -3 "
9 3 2 4¢ Calibri (8- 10 - A" A" Vertical (Value] - Axis labels: Next to Axis ¥
10 -2 -1 BIESEIFA-DZL-Y Horizontal axis crosses:
11 -1 0 L e | 7 @ Automatic
12 Y 1 Delete . © Axsvalue: [0.0
13 1 2 & Reset to Match Style Series1 € Maximum axis value
14 2 3 als =
Font.
15 3 4 15 -10 15
16 4 5 fll Change Chart Type.
17 5 6 £ &} select Data
18 6 7
19 7 8 7 l4¢  AddMinor Gridiines L
20 8 9 ) )
o 9 10 Format Major Gridlines.
22

Make the graph more attractive by clicking on it and selecting relevant options from the Layout tab.

10

[« »]
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Plot the graph of y = (x — p)* + g where the values of p and g are each stored in a cell. Use integer values

from -10 to 10 for the x-coordinates. Fix the minimum and maximum x-value on the x-axis to -5 and 5
respectively. Fix the minimum and maximum y-value of the y-axis to -10 and 10 respectively. The chart type
should be Scatter with Smooth Lines.

Use the screenshots below to determine the accuracy of your spreadsheet (your gridlines may look
different).

X]| a9 - B HIFEER B
Home  Insert = Pagelayout Formulas Data  Review View  Developer Home wsert | Pagelayout  Formulas  Data  Review  View  Developer
] H E 8 @ W @ S by [ Q 2w B M2 e il
PivotTable Table Picture Clip Shapes Sm n Pie Bar Area Scatter Other Line  Columi PivotTable Table Picture Clip Shapes SmartArt Screenshot Column  Line
- At - - - Charts ~ - Ar . - -
Spark Table Tlustrat
130 v 3
A B c D E F G H 1 ) K A B c D E F G H 1 ] K
1 x y P 1 1 x y P 2
2 -10 75 q 6 2 -10 145 q 1
3 9 58 3 -9 122
7 = 43 © 4 -8 101 10
5 -7 30 5 -7 82
6 6 19 6 6 65
7 5 10 8 7 5 50 8
8 -4 3 8 -4 37
9 3 2 6 9 -3 26
10 2 5 10 2 17
1 1 -6 4 1 1 10 4
12 0 -5 12 0 5
13 1 -2 2 13 1 2 2
14 2 3 14 2 1
15 3 10 15 3 2
i K 1 5 4 1 2 3 4 5 T 2 5 5 -4 3 2 1 1 2 3 4 5
17 5 30 17 5 10 2
18 6 23 18 6 17
19 7 58 19 7 26 4
20 8 75 20 8 37
21 9 9 21 9 50 6
22 10 115 2 10 65
23 8 23 8
24 24
25 10 25 10
26 26

Conditional Formatting Graphs

Sometimes we may wish to change the style of a graph depending on certain conditions. For example,
suppose we wished to plot the equation y = mx + ¢ in red if the value of m is positive, and in blue if the value

of m is not positive.

Set the following up in Excel (note that cells C1 and D1 are merged, as are E1 and F1):

\z‘ d9- |= Book5 crosoft Excel
Home Insert Page Layout Formulas Data Review View Developer
j‘r z mj @ @ /AJ ﬂ m/] g “3 Define Name ~ ff-: Trace Precedents :-,%Q Show Formljulas ;
Insert | AutoSum Recently Financial Logical Text Date & Lookup & Math&  More Name : i Trace Dependents ‘ it wqg
Function Used ~ < < Time - Reference = Trig - Functions - | Manager EE Create from Selection | . Remove Arrows - &) Evaluate Formula  yyin
Function Library Defined Names Formula Auditing
H24 v &
A B C D E F

1 Check for Positive m Check for negative m

2 x Yy X y X y

3 -10 =BS15*A3+BS16

4 =A3+2

5

6

7

8

9

10

11

12

13

14

15 Gradient 1 16
16 y-intercept 1

17




Copy cell A4 and paste it into cells A5 to A13. Copy cell B3 X = .

and paste into cells B4 to B13. You have now created the table Home et Pagelajout | formulas | Data  FRevew View D
of values for y = mx + c . fF TP E@AE R @
Insert  AutoSum Recently Financial Log\ca\ Text Date & Lookup & Math &  More
Function e Used ~ M i Time ~ Reference ~ Trig ~ Functions ~
Function Library
We will not use these values to plot the graph; we will use the | ** ~Cxv/ £
A B C D E F
next four columns. Columns C and D will contain coordinates 1 Check for Positivem  Check for negative m
. . . . 2 x y x y X y
of points we wish to plot in red, and columns E and F will 3 -10 e
. . . . . 4 -8 -7
contain coordinates of points we wish to plot in blue. 5 - s
6 -4 -3
7 -2 -1
We only want to plot red points if the gradient is positive and : ° :
we only want to plot blue points if the gradient is not positive. |10 4 s
11 6 7
12 8 9
. .. 13 10 11
This means we have to use a conditional statement to 14
. . 15 Gradient 1
determine the value of the gradient. . (Ee—— i

In cell C3 enter =IF($B$15>0,A3,-1000). This means that if the value of the gradient is positive, the x-
coordinate for that point will appear in the cell. If it is not positive then -1000 will appear in the cell. If we

fix the scales on the axes of our graph we can make sure that the point will not be visible if it is equal to -
1000.

Copy cell C3 and paste into cell D3. Copy cells C3 and D3 and paste into cells C4 to D13:

& = 9-o-|= & d 9 - |=
Home Insert Page Layout Formulas Data Revi Home Insert Page Layout Formulas Data Rey|
£ TR E®AE A F I B E®ABE @
Insert = AutoSum Recently Financial Loglcal Text Date & Lookup & M Insert | AutoSum Recently Financial Loglcal Text Date & Lookup & M
Function = Used ~ = = Time ~ Reference ~ T Function V Used ~ 2 V Time ~ Reference ~ 7
Function Library Function Library
Cc3 v J= | =IF(SB$15>0,A3,-1000) C3 v f= | =IF(SB$15>0,A3,-1000)
A B | ¢ | b E A B c | o E
1 Check for Positivem  Check for | 1 Check for Positive m  Check for |
2 x y X y X 2 x y X y X
3 -10 —9| —10_| 3 -10 -9 -10 -9
4 -8 -7 4 -8 -7 -8 -7
5 -6 -5 5 -6 -5 -6 =5
6 -4 -3 6 -4 -3 -4 -3
7 -2 -1 7 -2 -1 =7 -1
8 0 1 8 0 1 0 1
9 2 3 | 9 | 2 3 2 3
10 4 5 | 10 | 4 5 4 5
11 6 7 11 6 7 6 7
12 8 9 12 8 9 8 9
13 10 11 13 10 11 10 11
14 14 =
15 Gradient 1 15 Gradient 1
16 y-intercept 1 16 y-intercept 1
17 17

In cell E3 enter =IF($B$15>0,-1000,A3). This means that if the value of the gradient is positive, the value of
-1000 will appear in the cell. If it is not positive then the x-coordinate for that point will appear in the cell.

Copy cell E3 and paste into cell F3. Copy cells E3 and F3 and paste into cells E4 to F13:

17



@[H")-\ ‘: \E[H"’* ‘:
Home  Insert Page Layout Formulas Data Review  View Home Insert Page Layout Formulas Data Review  View Devel
F T @ @@ A6 A @ @ f 066076 8 @ @
Insert | AutoSum Recently Financial Logical Text Date & Lookup & Math&  More Insert | AutoSum Recently Financial Logical Text Date & Lookup & Math &  More N
Function - Used ~ M M ~  Time - Reference ~ Trig ~ Function Function - Used ~ - - ~  Time - Reference ~ Trig ~ Functions ~ Mg
Function Library Function Library
E3 - f| =IF($B$15>0,-1000,A3) H25 v £
A B C D E F A B C D E F G
1 Check for Positivem  Check for negative m 1 Check for Positive m  Check for negative m
2 x y X y X y 2 x y X y X Y
3 -10 -9 -10 -9| -1000_| 3 -10 -9 -10 -9 -1000 -1000
4 -8 -7 -8 -7 4 -8 -7 -8 -7 -1000 -1000
5 -6 -5 -6 -5 5 -6 -5 -6 -5 -1000 -1000
6 -4 -3 -4 -3 6 -4 -3 -4 -3 -1000 -1000
7 -2 -1 -2 -1 7 -2 -1 -2 -1 -1000 -1000
8 0 B 0 B 8 0 1 0 1 -1000 -1000
9 2 3 2 3 9 2 3 2 3 -1000 -1000
10 4 5 4 5 10 4 5 4 5 -1000 -1000
1 6 7 6 7 11 6 7 6 7 -1000 -1000
12 8 9 8 9 12 8 9 8 9 -1000 -1000
13 10 11 10 =1 13 10 11 10 11 -1000 -1000
14 . =
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Now, change the gradient to a negative value and the values in columns [@Fa=s— -
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2 x y X X y
We now need to plot this data. Highlight cells C3 to D13 and click - B E—
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From the Select Data menu click Add. 15 Gradient 2
16 y-intercept 1
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Place the cursor in the Series X Values box and | checkfornegativem o
x Y aaaae,
then highlight cells E3 to E13. P, 1000 1000} |
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3 -1000} 1000} | " series pame:
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The contents of these two boxes should now look like the screenshot on the right.

Click Okay twice and your graph will be updated. However, you will need to fix the range of your axes to
see it clearly. Once you have fixed your axes, and formatted your graph to make it more attractive you
should have something similar to the following. Note that you may need to change the colour of your lines
to meet the requirements of this example. You can do this by right-clicking on your lines and selecting
Format Data Series... and changing the line colour.

@v Hd9- v Book5 crosoft Excel
Home Insert Page Layout Formulas Data Review View Developer
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11 6 13 6 13 -1000 -1000
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13 10 21 10 21 -1000 -1000 | -10 -8 2 4 6 8 10
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16 y-intercept 1

17 0

18

19

20

21

22

23

24

= |= Book5 crosoft Excel
Home Insert Page Layout Formulas Data Review View Developer
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7 -2 3 -1000 -1000 -2 3
8 0 1 -1000 -1000 0 1
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Plot 50 horizontal lines of length 1. The position of each line should be randomly determined (set suitable

boundaries so they are reasonably close together. Lines which start in the first quadrant should be red, lines
which start in the second quadrant should be green, lines which start in the third quadrant should be blue and

lines which start in the fourth quadrant should be orange.

* The IF function can test multiple conditions by combining it with AND. For example
=IF(AND(A1<19,A1>12),3,7)

will display the value of 3 if Al is between 12 and 19, and the value of 7 otherwise.

* The RANDBETWEEN function only accepts non-negative integers. If you need decimals you need

to divide the random number by something. If you need negative numbers you need to subtract

something from the random number.

* To plot separate line segments, leave a space between each set of coordinates

10

26

27 |x y

28 1 3

29 2 3 —_—
30

31 -3 2

32 -2 2

33

34 -5 8

35 -4 8 c—
36

37 0 -2 f T
38 1 -2 -6 -4
39

40

41

42
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Appendix B: Geogebra Tutorial

Consider the following problem:

A 10 m long ladder is leaning against a wall. A man is standing
exactly half way up the ladder. The ladder slips so that the top of the
ladder slides down the wall, and the bottom of the ladder slides
along the floor, eventually landing horizontally (shown in the

diagram on the right). If the floor and the wall represent the x and

the y-axis respectively, determine the equation of the path that the

man travels.

Drawing Line Segments

Select the segment tool. If you cannot see
it, click on the white arrow on the third

button to reveal more functions.

Draw a segment from (0,0) to (0,11). This
will represent the wall. Draw a segment
from (0,0) to (11,0). This will represent the

floor.

File Edit View Options Tools

A

)
.

s

V|

]

v

¢
—

b Algebra

Line

Select two points

D

» Agebra

Right click on the screen and turn off the Axes:

If you didn’t create
your points accurately

File Edit View Options Tools Window Help

A
°
v

o

o

A

v|

.
—

DO

£9
‘o /1§

N

|

ABC
v

»

X||* Graphics

Point
2 A=(0,0)

you can type the exact
values that you want
here.

d B=(0,1
@ c=(11,0
ment
P
2 b=11
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The two lines are labelled with the letters a and b. If we right-click on each line you can hide these labels. It
is not necessary to display points A, B and C. If we click the green dots next to each point in the Algebra

box it will hide the points:

File Eait View Options Tools Window Help

Hide the points by R oA 2 B O Of & fl N roc| 2l |
clicking on the green e 2l|> Graphics
[ ——ly, Point
dots A=8,9
= Se(}"\ent“
J a1
J b-11

Restricting a Point to a Line

The base of the ladder is restricted to the floor, so we
need to create a point, which represents the base of the
ladder, that is restricted to the horizontal line. Select the
Point on Object tool and place a point on the horizontal
line.

If we try and move the point, using the Move tool we
will see that it is restricted to the floor.

Flle Eait View Options Tools Window Help

e

e
()
|\ e

» .

o |

Flle Eot View Options Tools Window Help

L ol

> Alge

A
Point
= Poin__ ®

.
= Segt _,' Altach / Detach Point
2

21
X Intersect

.
o* Midpoint or Center

o2 ComplexNumber

File Edit View Options Tools Window Help
(A ] I8 g

[+> e B et NP @7 o
|| Move _;] » Graphics
Drag or select objects (Esc)

T A=(0,0)

2 B=(0,11)

0 C=(11,0)

J D=(2.96,0)
- Segment

2 a=1

J b=11

» Algebra 1] » Graphics
= Point

A=(0,0)

J D=(464
Segment
J a-1n
J b=-1
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The top of the ladder is restricted to the wall. However, we cannot simply ety e e
create another random point on the wall. The ladder is 10 m in length so the ] ef 2 | e m‘—" =

point on the wall must always be at a distance of 10 from the point on the

J 4 *J Compas
Segment -

? a-1 ) cirdetrougn 3points
7 b= —

floor.

{ ™ semicircle through 2 Points

o) Circular arc

Drawing Circles

Select the Circle with Centre and Radius tool (note that there are several tools to create a circle.
Draw a circle centred at point D with radius 10. Now, try moving point D. Notice that the circle will always

move with it.

GeoGebra
File Edt View Options Tools Window Help

The point where the circle intersects the vertical line represents the end of the ladder (it will always be 10 m

from point D).

Select the Point on Object tool and create a new point at the intersection of the circle and the wall.

Test to see if it has been created correctly by moving point D. Our new point should always move to where

the circle intersects the wall.

. GeoGebra
File Edit View Options Tools Window Help
A . @ °
[& ] & 47| \ aBC | _az2)
[x]ie] 3] P O Of 4] N ] == )
» Algebra LI » Graphics

=/ Conic
J c:(x-6.76F +y*=100
= Point

o A=(0,0)

O B=(0,11)
O C=(11,0)
J D=(6.76,0)
2 E=(0,7.37)
= Segment

2 a=1

2 b=11
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Now we can hide the circle. A quick way to do this is by clicking the green dot next to the equation of the
circle in the Conic section of the Algebra window.

Draw a line segment from point D to point E. This will Pl G0 G ot Wit
represent the ladder. Move point D away from the wall ; )] g |
and the ladder should move (slip) down the wall. TN

Asc

2N
. ‘4‘].‘\

]
A=(0,0)

The ladder is labelled with a letter d. This can be hidden Rt
by right-clicking on the ladder and unchecking Show
Label.

We now need to create a point that represents the man
standing on the ladder, half way along its length.

Perpendicular Bisectors

Locate and select the Perpendicular Bisector tool and click on the ladder.

Select the Point on Object tool and create a new point where the perpendicular bisector intersects the ladder:

File Edt View Options Tools Window Help

I E] . ./'|:'

» Algebra || Graphics
rrrrrr

C(x-T.7F +y =100
= Line

N
.\

/Ex % &

=

ABC

i
J e:7.7x-6.38y=9.29
Point
A=(0,0)

’
4 E=(0,6.38)
J F=(385,319)
Segment

J a=1

s b=11

s d=10

We can hide the perpendicular bisector and the model is
complete.

Move point D to see the path of the man as the ladder slips.

We now need to use the model to determine the equation of
the path of the man.
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Loci

We can use Geogebra to draw the path of the man as the
ladder slides down the wall.

File Eat View Options Tools Window Help

k] ] 1] ol Gl o] N ] «
. . * Algebra Locus
Locate and select the Locus tool. Notice that if you hold |- cenc .| Slotioom pba, v bt o ket or s
C(x-3T7f+y'=
the mouse over the tool it will give you a description of |- 4 ]

how to use it.

Flle Eat View Options Tools Window Help
[‘ :
1IN

.

Click on the man (point F) ‘
and then click on the base of R

» Algebra

the ladder (point D). The path |- conc

c(x-37F+y =100

A
.

2 SRS
Jo

» Graphics

ABC

of the man will then be drawn |~ ™".57. a20y- 3631
= Locus
onto the screen. —
A=(0,0)
11 E
g
The path appears to be a 2 0-67.0
quarter of a circle, centred at | cigren -
.. s a=1n
the origin. s b-t
J d=10

There is another method we
can use to confirm our theory
that the path of the man is
circular. Geogebra contains a
built in spreadsheet that can
record the coordinates of a
point.

Recording to the Spreadsheet
Select View > Spreadsheet and the spreadsheet will appear on the right of the screen.

Right-click on point F and select Record to Spreadsheet. Then click Close to close the pop-up window.

o]l o] 5]

 Values ofxF). ) D
€ CopyotF 7
Opions 8
 ShowLabel 9

I Trace toList )
™ New column on crag

(] m— 2

/. Remaove. % Clear al races. Close 2 |




Now, move point D and its coordinates will be recorded to the spreadsheet.

Alternatively, right-click point D and select Animation On and it will automatically move. To pause the
animation press the pause button in the bottom left corner.

Our spreadsheet will now contain many coordinates representing the various positions of F. If the path of F
is indeed circular, centred at the origin, then it will always be a fixed distance from the origin. We can check
this by using the Pythagorean theorem.

In cell C2 type: =sqrt(A2"2+B2"2)

This calculates the value of \/x? + y?2, which is the distance from the origin.

If we copy and paste this formula into all of the other rows by dragging the bottom right corner of the cell
downwards, we can see that the distance of point D from the origin is always equal to 5.

s F=(26,427)
= Segment

s a=n

s b=11

J a=10

GeoGebra =18] x|
File EGt View Options Tools Window Help
8l 2lef
> 1,2
) w2 = e
» Algebra & x|[» Graphics X||~ spreadsheet X
= Conic £ e[ =1 =
€ (x-527 +y*=100 2128 S1IEL L] =h4
ine B A 8 8 ¢ ) 3 £ G H |
:5.2-8.54y = 22.96 X(F) oF a
Locus .
1 465
5 loct = LocusiF. 0] ¢ : e
Point 187 464 5
A=(0,0) 189 463 5
191 462 5
’ £ 192 462 5
3 E=(0,854) 9 451 5
% s s
5 5
2 458 5

Drag this point
downwards to
copy and paste
cell C2 into the
other cells.

S

35 246 436
% 241 43
E 2400 am ¥
« >
input [ (]
. = E E : = 3 : A 9:18 AM
o] S|SNO =BT ] W] S =] eRY o TP

The position of the man can be given by the equation:

y =+/25—x?

Note that we haven’t actually proven that this equation is true; although the evidence given by Geogebra
strongly hints that it is true. To prove it we have to use algebra.
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Proof:

The coordinates of the base of the ladder are (¢, 0) for some t € [0,10].

The coordinates of the top of the ladder are therefore (0, V100 — tz).

The coordinates of the man are therefore (g, 1°§‘t2).

So we have:

This completes the proof.
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Appendix C: The Definite Integral

Suppose we wish to approximate the shape of the curve y = g(x)

Approximation of the curve of

on the interval [a, b] using the following method: y=8 o+ Lxwith e =1

104 P. P
* Letx; = a and point P; have coordinates (xy, g(x;)). 0.
* Let point P, have an x-coordinate of x, = x; + Ax. Draw ]
g 4
a straight line from P, to P, with a gradient equal to ;
9'(x1). v o
* Let point P; have an x-coordinate of x; = x, + Ax. Draw
a straight line from P, to P; with a gradient equal to °
9'(x2). 5
* Repeat this process until point P; has an x-coordinate equal 1
to b. i 2 3
Figure 1
Figures 1, 2 and 3 show the results of this process for decreasing e i 05

values of Ax for the function y = 8 — x? + 2x on the interval
[0,3].

As the value of Ax becomes smaller, the shape of the red
approximation approaches the shape of the function.

1. Complete the following:

g(b) = g(@) +AE&Z ...........................

X

Figure 2
2. Let f(x) = g'(x). Rewrite the equation in terms of f(x) and F (x),

where F(x) is the antiderivative of f(x).

Approximation of the curve of
y=8 — x4 2 x with Ax=0.25

3. Introduce the notation f; f(x)dx = F(b) — F(a) and 10 1

show that ] 5 L

fbf(x)dx = T{i_{{)loif(xi)Ax

Figjilre 3
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